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Abstract. We obtain a representation formula for the derivative of the spectral shift function 
f(A;-B,e) related to the operators H (B,e) = (D x - By) 2 + D\ + ex and H(B,e) = H (B,e) + 
V(x,y), B > 0, e > 0. We establish a limiting absorption principle for H(B,e) and an estimate 
0(e n ~ 2 ) for £'(A; B, e), provided A £ a(Q), where Q = (D x ~ By) 2 + D 2 y + V(x, y). 

1. Introduction 

Consider the two-dimensional Schrodinger operator with homogeneous magnetic and electric 
fields 

H = H(B, e) = H (B, e) + V(x, y), D x = -id x , D y = -id y , 

where 

H = H (B, e) = (D x - By) 2 + D 2 y + ex. 
Here B > and e > are proportional to the strength of the homogeneous magnetic and electric 
fields. We assume that V,d x V G C°(R 2 ; R) n L°°(1R 2 ; R)) and V(x,y) satisfies the estimate 

\V(x,y)\ < C(l + |x|)- 2 " 5 (l + lyl)- 1 -*,* > 0. (1.1) 

For e/Owe have a ess (Ho(B , e)) = a css (H(B, e)) = R. On the other hand, for decreasing potentials 
V we may have embedded eigenvalues A £ R and this situation is completely different from that 
with e = when the spectrum of H(B,0) is formed by eigenvalues with finite multiplicities which 
may accumulate only to Landau levels A n = (2n + 1)B, n G N (see [9], [13], [15] and the references 
cited there). The spectral properties of H and the existence of resonances have been studied in [7], 
[8], [5] under the assumption that V(x, y) admits a holomorphic extension in the x- variable into a 
domain 

r Jo = {z£C: < \ lmz\ < 5 }- 
Moreover, without any assumption on the analyticity of V(x, y) we show in Proposition 2 below 
that the operator (H — z)' 1 — (Hq — z) -1 for z G C, Imz ^ 0, is trace class and following the 
general setup [11], [20], we define the spectral shift function £(A) = £(\;B,e) related to H (B,e) 
and H(B, e) by 

f) = tr(/(tf) - f(H j), f G Co°(R). 

By this formula ^(A) is defined modulo a constant but for the analysis of the derivative £'(A) this is 
not important. Moreover, the above property of the resolvents and Birman-Kuroda theorem imply 
a a _ c (HQ(B,e)) = a a _ c (H(B,e)) = R. A representation of the derivative £'(\;B,e) has been obtained 
in [5] for strong magnetic fields B — > +oo under the assumption that V(x, y) admits an analytic 
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continuation in x-direction. Moreover, the distribution of the resonances Zj of the perturbed op- 
erator H{B,e) has been examined in [5] and a Breit-Wigner representation of £'(X;B,e) involving 
the resonances Zj was established. 

In the literature there are a lot of works concerning Schrodinger operators with magnetic fields 
(e = 0) but there are only few ones dealing with magnetic and Stark potentials (e / 0) (see [7], [8], [5] 
and the references given there). It should be mentioned that the tools in [7], [8] and [5] are related 
to the resonances of the perturbed problem and to define the resonances one supposes that the 
potential V(x, y) has an analytic continuation in x variable. In this paper we consider the operator 
H without any assumption on the analytic continuation of V(x, y) and without the restriction 
B — > +oo. Our purpose is to study £,'(X;B,e) and the existence of embedded eigenvalues of H. 
To examine the behavior of the spectral shift function we need a representation of the derivative 
£'(A;i?,e). The key point in this direction is the following 

Theorem 1. Let V,d x V G C°(M 2 ;M) n L°°(1R 2 ;1R) and let (1.1) hold for V and d x V . Then for 
every f £ C^R) and e ^ we have 

tr (/(F) - /(#„)) = -itr (d x Vf{H)) . (1.2) 

The formula (|1.2p has been proved by D. Robert and X.P.Wang [18] for Stark Hamiltonians in 
absence of magnetic field (B = 0). In fact, the result in [18] says that 

f'(A;0,e) = -- f d x V^{x,y,x,y;X,0,e)dxdy, (1.3) 
e Jm? <9A 

where e(.,.;A,0,e) is the spectral function of H(0,e). The presence of magnetic filed fi / and 
Stark potential lead to some serious difficulties. The operator H is not elliptic for \x\ + \y\ — > oo 
and we have double characteristics. On the other hand, the commutator [H, x] involves the term 
(D x — By) and it creates additional difficulties. The proof of Theorem 1 is long and technical. We 
are going to study the trace class properties of the operators ip(H ± i)~ N , d x o tp(H ± i) _Ar_1 , 
(H ± i)d x o ip(H ± i)- N ~ 2 etc. for N > 2 and ip G C^fijsl 2 ) (see Lemmas 1 and 2). Moreover, by an 
argument similar to that in Proposition 2.1 in [5], we obtain estimates for the trace norms of the 
operators 

(z - H)- x V(z' - H)- 1 , V(z - H)- l {z' - B)- 1 , z £ R, z' <£ R 

and we apply an approximation argument. Notice that in |18] the spectral shift function is related 
to the trace of the time delay operator T(A) defined via the corresponding scattering matrix S(X) 
(see |17j). In contrast to |18| . our proof is direct and neither T(A) nor S(X) corresponding to the 
operator H(B, e) are used. 

The second question examined in this work is the existence of embedded real eigenvalues and 
the limiting absorption principle for H. In the physical literature one conjectures that for e ^ 
there are no embedded eigenvalues. We establish in Section 3 a weaker result saying that in any 
interval [a, b] we may have at most a finite number embedded eigenvalues with finite multiplicities. 
Under the assumption for analytic continuation of V it was proved in [7] that for some finite in- 
terval [a(B, e), /3(B, e)] there are no resonances z of H(B,e) with Re 2; ^ [a(B,e),/3(B,e)]. Since 
the real resonances z coincide with the eigenvalues of H(B,e), we obtain some information for the 
embedded eigenvalues. On the other hand, exploiting the analytic continuation and the resonances 
we proved in [5] that for B — > +00 the reals parts Kezj of the resonances Zj lie outside some 
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neighborhoods of the Landau levels. Thus the Landau levels play a role in the distribution of the 
resonances. It is known that the spectrum of the operator Q = (D x — By) 2 + D 2 + V(x, y) with 
decreasing potential V is formed by eigenvalues (see [9J, [13], [E]). In this paper we establish a 
limiting absorption principle for A ^ cr(Q). In particular, we show that there are no embedded 
eigenvalues outside o~(Q). This agrees with the result in [5 J obtained under the restrictions on the 
behavior of V and B — > +oo. On the other hand, the result of Proposition 3 and the estimates 
(|4.3p have been established by X. P. Wang [19] for Stark operators with B = 0. 

Following the results in Section 4 and the representation of £'(A; B, e) given in [5], it is natural 
to expect that for A ^ o~(Q) the derivative of the spectral shift function £'(A; B, e) must be bounded. 
In fact, we prove the following stronger result. 

Theorem 2. Let the potential V 6 C°°(M 2 ;IR) satisfy with some 5 > and n € N, n > 2 the 
estimates 

\d^V(x,y)\<C a ^(l + \x\)- n - 5 -^(l + \ y \)- 2 - 5 -^, Va,V/3. (1.4) 
Then for Xq £ cr(Q) we have 

e(\;B,e) = 0(e n - 2 ) (1.5) 
uniformly for X in a small neighborhood ScM of Xq. 

The estimate (jl.5p has been obtained in [18] in the case of absence of magnetic field B = 
(for a Breit-Wigner formula see [ID], [I] for Stark Hamiltonians and [5] for the operator H(B,e)). 
Our approach is quite different from that in [18]. Our proof is going without an application of 
a representation similar to (jl.3p which leads to complications connected with the behavior of the 
spectral function e(., .; A, B, e) corresponding to H(B, e). The formula (II. 2p plays a crucial role and 
our analysis is based on a complex analysis argument combined with a representation of f(H) 
involving the almost analytic continuation of / € Cq°(M). In this direction our argument is similar 
to that developed in [3] and [5]. 

The plan of this paper is as follows. In Sect. 2 we establish Theorem 1. The embedded eigen- 
values and Mourre estimates are examined in Sect. 3. In Sect. 4 we prove Proposition 3 concerning 
the limiting absorption principle for H(B,e). Finally, in Sect. 5 we establish Theorem 2. 

Acknowledgement. The authors are grateful to the referees for their thorough and careful 
reading of the paper. Their remarks and suggestions lead to an improvement of the first version of 
this paper. 

2. Representation of the spectral shift function 

Throughout this work we will use the notations of [3] for symbols and pseudodifferential oper- 
ators. In particular, if m : M 4 — > [0, +oo[ is an order function (see [3], Definition 7.4), we say that 
a(z, C) £ S°(m) if for every a € N 4 there exists C a > such that 

\d« c a(z,0\ <C a m(z,(). 

In the special case when m = 1, we will write S° instead of We will use the standard 

Weyl quantization of symbols. More precisely, if p(z, Q, (z,Q € M 4 , is a symbol in S°(m), then 
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P w (z,D z ) is the operator defined by 

P w (z,D z )u(z) = (2n)~ 2 jj e i{z - z '^p(^-X)u{z')dz' 'd£, for u G S(R 2 ). 
We denote by P w (z, hD z ) the semiclassical quantization obtained as above by quantizing p(z, hQ. 

Our goal in this section is to prove Theorem 1. For this purpose we need some Lemmas. We 

set 

Qo = H - ex = (D x - By) 2 + D 2 , Q = Q + V, 
and in Lemma 1 we will use the notation Hi = H. For the simplicity we assume that e = B = 1. 
The general case can covered by the same argument. 

Lemma 1. Assume that V,d x V G C°(1R 2 ;IR) n L°°(M 2 ;M) and let tp G Cq°(1R 2 ). Then for N > 
2, j = 0, 1 and for Imz / 0, the following operators are trace class: 

i) ^(Hj±i)- N , d x o 1 /,(H j ±i)- N - 1 , (H j ±i)d x o^(H j ±i)- N - 2 . 

ii) (Hj ± i)~ N iP, (Hj ± i)- N -^ ■ d x . 

Hi) %l> o d x (Hj ± i)-^" 1 , {Hj ± o d x (Hj ± i)~ N ~ 2 . 

iv) {Hj±i)d x {Hj±\)- N - 2 $. 

v) + i)8 x (Hi + i)-^- 1 ^ - z)"V- 
Moreover, 

IK^i + ija^ffi + ir^^i-^rVlltr =°(y^^)- 

Proof We will prove the lemma only for + i), the case concerning — i) is similar. On the 
other hand, the statements for (H + i) follow from those for (Hi + i) when V = 0. 
From the first resolvent equation, we obtain 

(Hi + z)- 1 = (Qo + z)- 1 - (Qo + z)-\x + V)(Hi + z)~ l 

N+2 

= (Qo + z)- 1 + (-l)'(Qo + z)- 1 ((x + V)(Q + ' (2.2) 

+ (-l) JV+3 ((Qo + z)" 1 ^ + V)) N+ \hi + z)-\ 

Taking (N — 1) derivatives with respect to z in the above identity and setting z = i, we see that 
(Hi + \)~ N is a linear combination of terms 

/Ctv := (Qo + i)~ n W(Q + i)~^W...(Q + + 

with ji + ... + j r > N, ji > 1, p > and VF(x) = x + 

Recall that if P G S°(m) with m G L 1 (R 4 ), (resp. m G L 2 (IR 4 )) then the corresponding operator 
is trace class (resp. Hilbert-Schmidt). By using this and the fact that the symbol of (Qo + is 
in <S°((£ — y,r])~ 2 ), we deduce that the operator 

k L',p' ■■= (x)- l (y}- p (Q + i)- j (x) l '(y/ 

is trace class one for I — l',p — p' > l,j > 2 and Hilbert-Schmidt one for I — l',p — p' > 1/2, j > 1. 
Next, we write tpK-N as follows 

i>K N = V'^} 3r (y) 2r ^ 2r , 3r -2,2r-2^^)" 1 ^U2r-2,3^1,2r-4^^)" 1 (2-3) 

...W(x)- 1 lCi^ lfi W(x)-\Hi + \)^ 
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Since jx + 32 + ••• + 3r > N > 2, in the above decomposition, there are at least two Hilbert- 
Schmidt operators or one of trace class. Combining this with the fact ip{x) 3r (y) 2r , W(x)~ l and 
(Hi + i) -p are bounded from L 2 (M?) into L 2 (IR 2 ), we conclude that iplC^ is trace class operator. 
Thus ip(Hi + i)~ N is also a trace class operator. Repeating the same arguments, we obtain the 
proof for d x o ip(Hj ± i) _Ar_1 . 

As above to treat (Hj ± i)d x o ip(Hj ± i) _Ar_2 , it suffices to show that ± i)^ o ipK,^ is trace 
class. If we have j\ > 2 the proof is completely similar to that of ip(Hi + i) _Ar . In the case where 
ji = 1 since (Hi + i)d x (Qo + is not bounded, we have to exploit the following representation 

(Hi + i)^ o = (Hi + x)(d x ^)K, N 

+ (Hi + i)V>(Q + i) -1 ^ o W(Q + i)- J W...(Q + i)" > IV(^i + i)- p . 
Next use the fact that d x W G L°° and repeat the argument of the proof above. 

Recall that A is trace class if and only if the adjoint operator A* is trace class. Consequently, 
(i) implies (ii). Since ip ■ d x = d x ■ ip — (d x tp), the assertion (iii) follows from (i). 

To deal with (iv), we apply the following obvious identity with z = — i, 



d x (H 



(H-z) 



-i 



d x + (H 



\l + d x V)(H 



and obtain 

(H X + \)d x (H x + i)- N ijj = (Hi + i)- N d x ijj + > ](H X + i)"J(l + d x V)(Hi + i) 



N-X 

E< 

3=0 



-N+j 



Applying (i) and (ii) to each term on the right hand side of ()2.5|) . we get (iv). 
Now we pass to the proof of (v). Applying (|2.4p . we obtain 



(Hi + i)d x (Hi + i) 



-N-X, 



H 



"V = (Hi + i)(Hi - z)~ l d x (Hi + i)- 



N-X 



+(Hx + i)(Hi - z)-\l + d x V)(Hi - z)-\Hi + i)"^. 



Combining the above equation with (i), (ii), (iv) and using the estimate 

~f\z\ + V 



(Hi + i)(Hi-z)- 



O 



I Im z I 



we get (1271 



Lemma 2. Assume that V(x, y) = <f>(x, y)W(x, y), where <j> £ Cq~ 
L°°(R 2 ;M). Then for N > 4 the operator 



l 2 :R) andW,d T W G 



(H + i 



,-N 



(H + i 



(H + x)d x 
is trace class. 

Proof. Taking (N — 1) derivatives with respect to z in the resolvent identity 



(H + z)- 1 - (H + z) 



(H + z) V(Hq + z) 



(2.4) 



(2.5) 



2.1 



□ 



and setting z = i, we see that (H + i) N — (Hq + i) N is a linear combination of terms 

(H + i)^V(H + i)- {N+1+j) 

with 1 < j < N. Composing the above terms by (H + i)^ and applying Lemma 1, we complete 
the proof. □ 
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Lemma 3. Assume that V satisfies the assumptions of Lemma 1. Let f € C^°(R) and ip € C^°(M?). 
Then the operators 

are trace class and we have 



tr [Hii/>d x f(Hi)) = tr [i/>d x Hif(Hy 

Proof. Set g(x) = (x + i) 4 /(x). Since g(Hi) is bounded, it follows from Lemma 1 that the operators 

^(F i + i)~ 4 < 7 (F J ), H^d^Hi + iy^iHi), 1>d x (Hi + i)-*Hig(Hi), 
are trace class, and the cyclicity of the trace yields 

tr (Hiif>d x f(Hij) = tr + = tr (j!ig(H i )tpd x (H i + i)" 

= tr Ud x {Hi + i)- 4 g(Hi)H % ) = tr Ud x Hif(Hij). 



Notice that in the above equalities we have used the fact that the operators g(Hi), Hi and (Hi + i) 4 
commute. □ 

Lemma 4. Let V be as in Lemma 2. Then for every f £ Cq°(M) the operators 

f(H)-f(H ), d x (f(H)-f(H j) and (H ± i)d x (f(H) - f(H ) 

are trace class. 

Proof. Let g(x) = (x + i) 4 f(x) be as above. We decompose 

(H + i)d x (f(H) - f(H )) ={H + i)d x ((H + i)- : ( TJ ( , i i)" ' )fl(.tfo) + 

\-4 



(tf + + i)' 4 [g{H) - g(H )j = 1 + 11. 

According to Lemma 2, the operator / is trace class. To treat LL, we use the Helffer-Sjostrand 
formula 

(//) = ~ J d~g(z)(H + i)d x (H + i)- 4 ((z - H)- 1 -(z- H^Lidz) 

= ~J d~g{z)(H + i)d x (H + \)~\z - H)- l V(z - H^L^z), 

where g{z) € C^°(C) is an almost analytic continuation of g such that dg{z) = 0{\ Imz|°°), while 
L{dz) is the Lebesgue measure on C. Now applying Lemma 1, (v), we see that the operator 

(H + i)d x (H + i)- 4 (z-H)- 1 V 

is trace class. Since \z\ is bounded on supp g, we can apply (|2.ip to the right hand part of the 
above equation and combining this with dg{z) = 0{\\mz\°°), we deduce that LL is trace class. 
Summing up, we conclude that (H + i)d x (^f(H) — /(i^o)^ is trace class. The same argument works 

for (H - i)d x (f(H) - /(flb))- The proof concerning f(H) - f(H ) and d x (f(H) - /(#„)) are 
similar and simpler. □ 

To establish Theorem 1, we also need the following abstract result. For the reader convenience 
we present a proof. 
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Proposition 1. Let A be an operator of trace class on some Hilbert space H and let {K n } be 
sequences of bounded linear operator which converges strongly to K G £-{H). Then 

lim \\K n A - KA\\ tl = 0. 

Proof. First assume that A is a finite rank operator having the form A = Y^k=i < "> > ^fc) where 
■ipk,4>k e Since 

m 

\\A\\tr < ^2 H^Jfcllll^Jfcll, 
k=l 

we have 

m 

\\{K n -K)A\\ tx <Y,\\{K n -K)<t> k \\\\^ k \\ n^oo. (2.6) 

fe=i 

The general case can be covered by an approximation. Since K n converges strongly, it follows from 
the Banach-Streinhaus theorem that [i = sup n ||ir ra || < oo. Let r\ be an arbitrary positive constant 
and let A^ be a finite rank operator such that \A — || tr < We have 

\\{K n - K)A\\ tx < \\(K n - K)(A - A v )\\ tl + \\(K n - K)AJ tT < v+ \\(K n - K)AJ tT . 

Next we apply (|2.6I) for the finite rank operator A^ and obtain 

lim \\{K n -K)A\\ tl < V , 

n— >oo 

which implies Proposition 1, since r\ is arbitrary. □ 

Proof of Theorem 1. Assume first that V = <f)W where <j) G C^QR 2 ; M) and W,d x W G 
^■II^nL 00 ^ 2 ;^). Choose a function X G C^(R 2 ) such that x = 1 for \(x,y)\ < 1. For R > 
set 

and introduce 

:= [ XR d x ,H]f(H) - l XR d x ,H ]f(H ). 
Here [A, B] = AB — BA denotes the commutator of A and B. According to Lemma 3, we have 

tr (lx R d x ,H}f(H^ = tr ([ XR d x , H }f(H )) = 0. 

Thus 

tr (B R ) = 0. (2.7) 
On the other hand, a simple calculus shows that 

Br = X n([d x ,H]f(H) - [d x ,H ]f(H )) + [xR,H }d x (f(H) - /(iT )) := B l R + B R , (2.8) 

where we have used that [xr,H] = [xr,Hq]. 

Since [d x ,H] = 1 + d x V and [8 x ,Hq] = 1, it follows from Lemma 3, Lemma 4 and Proposition 
1 that 

Jim tr (B R ) = tr (/(if) - /(#„)) + tr (d x Vf{H)) . (2.9) 

Next we claim that 

lim B\ = 0. (2.10) 

R— >oo 
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Using that [xr,H q ] = ^(D xX r)(D x - y) - ^(D y XR,)D y + j^(A X r), we decompose B R as a sum 
of three terms B R = I R + I R + I R , where 

Ir = ~{D xX r)(D x - y)d x [f(H) - f(H ] 
Ir = ~(D yXR )D v d x (f(H) - f(H , 

lj t = ± i (AxR)d x (f(H)-f(Ho) 
To treat I R , we set Q = H — x and write 

Ir = ~{D xXR )(D x - y)(Q - \)-\H - i)d x (f(H) - f(H ] 
+^(D xXR )[(D x - y)(Q - i)-\x}d x (f(H) - f(H Q ] 
+~x(D xX r)(D x - y)(Q - i)- x d x (f{H) - f(H ) 

The operators [(D x — y)(Q— i) -1 , x] and (D x — y)(Q— are bounded, while d x (^f(H) — f(Ho)^ and 
(H — i)d x (f(H) — f(Ho)j are trace class operators (see Lemma 4). On the other hand, ^(D xXR ), 
^x(D x xr) converges strongly to zero. Indeed, since x( x ,y) = 1 f° r lO^Z/)! — 1? we get 

/ ^e( d xXr)u dxdy <swp (x )eR 2\xD x x(x,y)\ [ \u\ 2 dxdy ->• 0, R -)• oo, 

J it J{\(x,y)\>R} 

for all u € L 2 (R 2 ). Applying Proposition 1, we conclude that 

lim 4 = 0. (2.11) 

R— >oo 

To deal with I R , I R , notice that the operators D y (Q — and [D y (Q — i) , x] are bounded and 
we repeat the above argument. Thus we deduce 

lim P R = 0, j = 2,3. (2.12) 

R— »oo 



Consequently, (|2.11[) and (|2. 12|) imply (|2.10p and the claim is proved. Now, combining (|2.7p . (|2.8|) . 
(|2.9p and ()2.10j) . we obtain Theorem 1 in the case where V satisfies the assumption of Lemma 2 
and e = 1. 

Proposition 2. Assume that V G L°°(R 2 ;R) satisfies (1.1). T/ien /or z ^ R, z' ^ M £/ie operators 
(z - H)- x V(d - H)-\ V(z - H)- 1 ^' - H)~\ (H - z)- 1 - (H - z)~ x are trace class and 

\\(z- H)~ 1 V(z' - H)~ x \\ tt < Cillmzl-^IImz'l -1 , (2.13) 

\\V(z - H)- X {z' - i3") _1 ||tr < Cillmz^^Imz'l" 1 . 

Moreover, if g £ Cq°(R), then the operator Vg(H) is trace class. 

Proof. Set gs{x,y) = (x) _1_ 2 (y)~^r and fs{x,y) = (x)~ 2 ~ s (y)^ 1 ^ 6 , where 5 is the constant in 
(1.1). According to Lemma 8 in the Appendix, gs(Ho + i) , (Ho + i) -1 ^ are Hilbert- Schmidt 
operators and fs(Ho + i)~ 2 is a trace one. Since gJ 1 VgJ 1 , V f^ 1 G L°°, it follows that 

(H + iY l V(H + i)- 1 = (Hq + i^gslg^Vg^MHo + i)" 1 
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and V(Hq + i) -2 are trace class operators. Next we write 

(H + i)- 1 - (H + i)- 1 = -(H + i)-V(# + + (H + i)"V(ffo + i)" 1 *^ + i)" 1 

and conclude that (H + — (Ho + = —(H + i)~ 1 V(Ho + is trace class. Now consider 
the following equalities 

(i + H)-W(i + H)- 1 = (i + HoT l V(i + Ho)- 1 + (i + H)- l V(\ + H Q )- X V{\ + Ho)~ x + 
(i + Ho)- x V(i + flo) -1 ^ 1 + H)- 1 + (i + + Ho)- l V(i + iTo) -1 ^ + ff)" 1 

and 

V(H + i)- 2 = V(Ho + i)~ 2 - F(i? + + i)~ X V(H + i)" 1 - V(H + i)" 1 *^ + (# + i)" 1 - 

By using the trace class properties established above, we get (|2.13p for z = z' = —i. By applying 
the first resolvent equation 

(H - zY l = (H + i)- 1 + (i- z )(H + i)-\H - z)-\ 

we obtain the general case. 

To examine Vg(H), consider the function h(x) = (x + 'ifg(x). Then Vg(H) = V(H + i)- 2 h(H) 
and since V(H + i) -2 is trace class, we obtain the result. □ 

For R > introduce 

H R := Ho + xn(x,y)V(x,y), 
where Xr( x -,d) = "fj) with x £ C^°(R 2 ) such that x = 1 in a neighborhood of |(x,y)| < 1. 

Remark 1. The result of Proposition 2 concerning the trace class property of (H — z)^ 1 — (Hq — 
z)^ 1 , Imz 7^ 0, improves considerably Proposition 2 in [5], where much more regular potentials 
have been examined. On the other hand, if the potential V satisfies (1.1) and V, d x V £ C°(M 2 ; R) n 
L°°(M 2 ;R), then the statements of Proposition 2 hold for the operators (z — Hr)~ 1 V(z' — H)" 1 , z £ 
R,z' <£ R. 

The proof of Theorem 1 in the general case will be a simple consequence of the following 
Lemma 5. Let V(x,y) be as in Theorem 1. Then for f £ C^°(R) we have 

lim tr (f(H R ) - f(H)) = 0, (2.14) 

Jirn^tr (d x ( XR V) f (H R )) = tr (d x Vf(H)). (2.15) 

Proof. Let g(x) = (x + i)f(x) be as above. We decompose 

f(H R ) - f(H) = ((H R + i)- 1 — (H + i)" 1 )^) + (H R + i)- 1 (g(H R ) - g(H)) =J R + K R . 
From the first resolvent identity, we obtain 

J R = (H R - i)- x (l - X r)V(H + ^^(H) = (H R - - XR)Vf(H). 

According to Proposition 2, the operator V f(H) is trace class and (Hr — i) _1 (l — xr) converges 
strongly to zero. Then from Proposition 1 it follows that 

lim tr J R = 0. (2.16) 

R— >oo 



10 M. DIMASSI AND V. PETKOV 

To treat tr Kr, as in the proof of Lemma 4, we use the Helffer-Sjostrand formula and write 
tr K R = -~ j dg(z)\x({H R + i)" 1 ((z - Hr)' 1 - (z - H^^Lidz) 

= i J d~g(z)tr((H R + i)-\z - H R )-\l - X r)V(z - H)- l )L{dz). 
By cyclicity of the traces we obtain 

tr((# fl + ir\z - Hr)- 1 ^ - XR )V(z - tf)- 1 ) = tr((z - flflj-^l - XJ i)V(z - H)~ x {Hr + i)" 1 ) 

= tr((z - ^^(l - XR )V(z - H)-\H + i)- 1 ) 

+tr((l - X r)V(Hr + - Hr)- 1 ^ - XR )V(z - H)-\H + i)" 1 ). 

Now notice that for z £ M the operators (1 — XrW(Hr+i)~ 1 (z — Hr)~ 1 (1-xr) and (z-H R )~ l (l - 
Xr) converge strongly to zero. On the other hand, from Proposition 2 we deduce that the operator 
V{z — H)^ 1 ^ + H)~ 1 is trace class. Thus for z ^ R, we conclude that the integrand converge to 
as R — > oo. An application of the Lebesgue convergence domination theorem combined with the 
estimates (|2.13p yield 

lim tr K R = 0. (2.17) 

R— >OD 



Putting together (|27Hfl) and (pETTD . we obtain 

Next, we pass to the proof of (|2.15p . A simple calculus shows that 

d x ( X RV)f{H R ) = d x (x R V)(f(H R ) - f(H)) + ±(d xX ) R Vf(H) + ( XR d x Vf(H)). 

Repeating the same arguments as in the proof of (|2.14p . we show that 

lim tr (d x ( X RV)(f(H R ) - f(H))) = 0. 



(2.18) 



(2.19) 



On the other hand, since ^{B x x)r (resp. xr) converges strongly to zero (resp.l), it follows from 
Proposition 1 that 

lim tr fhd x x) R Vf(H)) =0, lim tr ( XR d x Vf(H)) =tv(d x Vf(H) 



which together with (pTTSl and (|2TT9|) yield (I2TT5]) . 

End of the proof of Theorem 1. Applying Theorem 1 to Hr, we obtain : 



□ 



tr 



f(H R )-f(H) 



+ tr 



f(H) - f(H 



tr 



f(H R ) - f(H 



tr[d x ( X RV)f(H)), 



and an application of Lemma 5 implies Theorem 1. 
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3. MOURRE ESTIMATE AND EMBEDDED EIGENVALUES 

Consider the operator 

Q = (D X -By) 2 + D 2 y + V(x,y), 
and set (x) = (1 + M 2 ) 1 / 2 , (D x ) = (1 + D 2 ) 1 / 2 . 

Lemma 6. Assume that V,d x V G C°(R 2 ;R) nL°°(R 2 ;R) and let \\I{\ x \ + \y\ >R }(x,y)d x V\\L°° -> 
for R — > +oo. Then for all f G Cq°(M), the operator f(H)d x Vf(H) is compact. 

Proof. Let ip(x,y) G Cq°(R 2 ) be equal to one near zero. Set Lp n (x,y) = ¥>(-,-)• According to 
Lemma 3, the operator f (H)ip n d x V f (H) is trace class. The set of compact operators is closed with 
respect to the norm ||.||,c(£2) and the lemma follows from the obvious estimate 

\\f(H){l-Vn)d x V fiH)^^ < ||/ 2 (i?)|| £(L2 )||(l-^nR^||oo. 

□ 

Theorem 3. Let [a, b] C R. Under the assumptions of Lemma 6, there exists a compact operator 
K such that 

I [aM (H)[d x ,H]I [aM (H) > eI [aM (H) + I [aM (H)KI [aM (H). (3.1) 

Proof. Since the operator d x commutes with (D x — By) and D 2 , we have [d x ,H] = e + d x V. 
Consequently, 

I [aM (H)[d x ,H]I aM (H) = el [aM (H)+l [aM {H)d x Vl [aM (H) (3.2) 

= el [aM (H) +I [aM f(H)d x Vf(H)I [aM (H), 

where / € C^°(R) is a cut-off function such that / = 1 on [a,b]. Thus, Theorem 3 follows from 
Lemma 6. □ 

The use of commutators with the operator d x is well known for the analysis of the operator 
without magnetic field (B = 0) (see the pioneering work [2] and [1] for a more complete list of 
references). On the other hand, to treat crossed magnetic and electric fields we need Lemma 1 and 
Lemma 3. 

Corollary 1. In addition to the assumptions of Theorem 3 assume that d 2 V G C°(R 2 ) n L°°(R 2 ). 
Then the point spectrum of H in [a, b] is finite and with finite multiplicity. Moreover, the singular 
continuous spectrum of H is empty. 

Proof. Set A = D x and let a € R. The explicit formula 

e iaA {H + i)- 1 = (e iaA He- iaA + \y x e iaA = (H + ea + V(x + a,y) - V(x, y) + i)- l e iaA 

shows that e iaA leaves D(H) invariant. On the other hand, since 

\\He iaA (H + = \\e- iaA He iaA (H + 

= \\(H - ea + V(x - a,y) -V{x,y)){H + i)-ty||, 
we deduce that for each ip G D(H) 

SU P|Q|<ll|-H" eIaAl ^ll < °°- 

Combining this with the fact i[A, H] = e + d x V, [A, [A,H]] = —d 2 V and using (3.1), we conclude 
that the self-adjoint operator A is a conjugate operator for H at every E G R in the sense of [T2 
Consequently, Corollary 1 follows from the main result in [T3] (see also [I], [6]). 
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□ 

Remark 2. For any sign-definite and bounded potential V(x,y) such that \V(x,y)\ — > as \x\ + 
\y\ — > oo sufficiently fast in [15] and [13] i£ was established that for e = i/ie potential V creates 
an infinite number of eigenvalues of Q which accumulate to Landau levels. The above corollary 
shows that only a finite number of these eigenvalues may survive in the presence of a non vanishing 
constant electric field. In general, the problem of absence of embedded eigenvalues when e / 
remains open and this is an interesting conjecture. 

For a fixed value of e ^ 0, the following result shows that there are potentials for which H has 
absolutely continuous spectrum without embedded eigenvalues. 

Corollary 2. Fix e > 0. Assume that d%V € C°(R 2 ; R) n L°°(R 2 ; R), a = 0, 1, 2 and 

e + d x V(x,y)>c>0, (3.3) 

uniformly on (x,y) € R 2 . Then H has no eigenvalues. Moreover, for s > 1/2, the following 
estimates holds uniformly on X in a compact interval 

\\(D X )- S (H - A ± iO)- 1 ^)-*!! = O e {\). (3.4) 

Proof. Let [a, b] be a compact interval in R. From (|3.ip and (|3.3[) . we have 

I [aM (H)[d x ,H]I aM (H) > d [aM (H). (3.5) 

According to the proof of Corollary 1, A = D x is a conjugate operator in the sense of [H]. Com- 
bining this with (|3.5p we deduce from [14] that H has no eigenvalue in R. Applying once more 
Mourre theorem (see [H], p], [6]), we obtain the estimate (|3.4[) . □ 

4. Limiting absorption principle 

In this section we treat the case when e is small enough. Notice that when e tends to zero in 
general the assumption e + d x V > c> is not satisfied and we cannot apply Corollary 2. Our goal 
is to study the behavior of the resolvent (H — A ± i<5) -1 as 5 — > for A ^ cr(Q). For such A we could 
have eigenvalues of H and a direct application of Mourre argument is not possible. We will obtain 
the result assuming that e is small and for this purpose we need the following 

Lemma 7. Assume that V G L°°(R 2 ;1R) and let A ^ cr(Q). Let \ € Co°(M;lR) be equal to 1 near 
A and let supp \ H °~(Q) = 0- Then 

\\ X (H){x)- 2 \\<Ce 2 . (4.1) 

Proof. Since supp % H c(Q) = 0, the operators (z — Q) _1 and (z — Q) _1 2;(z — Q)~ l are analytic 
operator valued functions for z in a complex neighborhood of supp X- Let x(z) € Cq°(C) be an 
almost analytic continuation of x( x ) such that 

Bx(z) = 0(\lmz\°°) 

and suppx(z) H cr(Q) = 0. We have the representation 

X(H) = ~ j dx(z)(z-H)- l L(dz), 

where L(dz) is the Lebesgue measure in C. By using the resolvent identity, we get 

(z - H)- 1 = (z- Q)- 1 + e(z - Q)- l x(z - Q)' 1 + e 2 (z - H)~ l x(z - Q)~ l x{z - Q)~ l , 
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and we obtain 

X (H) = X (Q) dx(z)(z - Q)- l x(z - Q)~ 1 L{dz) 

e 2 r - 

— / dx{z)(z - H)- l x{z - Q)- 1 x{z - Q)- 1 L{dz). 
Since supp x{z) n <r(Q) = 0, the first two terms on the right hand side vanish. Consequently, 

X (H) = ~J dx{z){z - H)- l x{z - Q)- l x(z - Qr l L{dz). (4.2) 

Next we observe that 

x(z - Q)- 1 = (z- Q)- 1 x + {z- Q) -1 [x,Q](z - Q)' 1 = (z - Q)' x x + L x . 

We have [x, Q] = 2{D X — By). Thus it is easy to see that for z £ a(Q), L\ = (z — Q)~ l [x, Q](z — Q)~ 1 
is a bounded operator since (D x — By)(i — Q)~ l is bounded and (z — Q)~ l = (i — Q)' 1 + (i — 
Q)" 1 ^ - z)(z - Q)' 1 . We write 

x(z - Q)~ 1 x{z - Q)- 1 = {z- Q)~ 1 x{z - Q)- 1 x 

4 

+(z - Q)- 1 xL 1 + L x (z - Q)- 1 x + Lj = Y J I r 

3=1 

The operators I4 = L\ and I3 = L\(z — Q)~ 1 x{x)~ 2 are bounded. To see that Ii{x)~ 2 is bounded, 
note that 

h(x)~ 2 = {z- Q)~ 2 x 2 (xy 2 + {z- Q)- 1 Lix(x)- 2 . 

Finally, 

I 2 (x}- 2 = {z- Q)' 2 x[x, Q](z - Q)~ 1 {x)' 2 + {z- Q^Lxlx, Q](z - QY l {x)- 2 

and since the second term on the right hand side is bounded, it remains to examine the operator 

x[x,Q](z - Q)- 1 {x)- 2 = [x,Q]x(z - QY l {x)- 2 + 2i(* - Q)- 1 {x)- 2 . 

Applying the above argument, we see that the last operator is bounded. Consequently, the operator 
under integration in (|4,2p is bounded by 0(\ Imz| _1 ) and this proves the statement. □ 

Proposition 3. Assume that d%V G C (M 2 ;M) nL°°(M 2 ;lR) for a = 0,1,2 and let (x) 2 d x V G 
L°°(R 2 ). Let [a,b] be a compact interval such that [a,b] R c(Q) = 0. Then for s > 1/2 and 
sufficiently small eo > we have the following estimate uniformly with respect to A € [a, b] and 
e£]0,e ] ' 

\\(D X )- S (H - X ± iO)- 1 ^}-! < Ce- 1 . (4.3) 
Moreover, H has no embedded eigenvalues and singular continuous spectrum in [a,b]. 

Proof Let [a - S,b + S] n a(Q) = for < 5 <C 1. Choose a function x(t) G C^°(M;M) such that 
supp x C [a - 5, b + 5] and x(t) = 1 for ai = a - 8/2 < t < b + 6/2 = b\. Then 

I [aiM] (H)[d x ,H]I [aiM] (H) = eI [aiM] (H) + l [aiM] (H)d x VI [aiM] (H) 

= eI [aiiH (F)+I [aiiH (F)( X (i7)(x)- 2 )((x) 2 ^y)l [aiifcl] ( J ff) 
Our assumption implies that the multiplication operator {x) 2 d x V € L°° , while Lemma 7 says that 

\\ X (H){x)- 2 \\<Ce 2 . 
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Thus 

-2\ / /„\2q t/\tt_ . t u\ ^ ri ,2 



I { a lM] (H)(x(H)(x)-')^xyd x V)I [aiM {H) < C l£ 1 [flliM (ff) 

and with a constant Co > we deduce 

I [aiM (H)[d x ,H]I [aiM (H) > c eI [aiM] (H). 

Then it is well known (see for instance [14] . [I], [6]) that for A G [a, 6] we get (|4.3p and -ff has no 
eigenvalues and singular continuous spectrum in [a, b}. □ 

Remark 3. As we mentioned in Remark 2 for sign-definite rapidly decreasing potentials the spec- 
trum of the operator Q is formed by infinite number eigenvalues having as points of accumulation 
the Landau levels fj, n = (2n+l)B, n G N. For such potentials Proposition 3 shows that the embedded 
eigenvalues of H could appear only in small neighborhoods of the eigenvalues ofQ. Since in every 
interval we may have only a finite number of eigenvalues of H, it is clear that for some eigenvalues 
v of Q there are no eigenvalues of H in their neighborhoods. Moreover, it was proved in |12] that 
for potentials V G C$°(R 2 ) we have a(Q)n]fi n - B,fi n + B[c (/i„ - Cn" 1 / 2 ,^ + Cn" 1 / 2 ), n> N 
with C > and N depending only on sup |V| and the diameter of the support of V . Thus for M 
large the embedded eigenvalues X > M of H are sufficiently close to Landau levels A n . 

5. Estimates for the derivative of the spectral shift function 

First we notice that the assumption (|1.4p makes possible to define the spectral shift function 
£(A, e) related to operators i?o( e ) = Ho{B,e) and H(e) = Hq(B,€) + V(x,y) by the equality 

(£',/> = tr (f(H(e))-f(H (e))), feCS 



Here and below we omit the dependence of B in the notations. Our purpose in this section is to 
establish Theorem 2. For the proof we need the following 

Proposition 4. Under the assumptions of Theorem 2, for Xq ^ o~(Q) and 1/2 < s < min (1/2 + (5/4, 1) 
the operator 

(D x yd x v[{Q - zy l x\ n (D x ) s 

is trace class for z in a small complex neighborhood ScC of Xq. 

Proof. Before starting the proof, notice that it is easy to establish the statement for z <C since 
in this case the operator (Q — z)~ l is a pseudodiferential one and we can apply the calculus of 
pseudodifferential operators and the criteria which guarantees that a pseudodifferential operator 
is trace class (see for instance, [3], Theorem 9.4). For z G M + \ o~(Q) this is not the case and 
{Q — z)~ x is a bounded operator but not a pseudodifferential one. We may replace (Q — z)^ 1 by 
the pseudodifferential operator (Q — i) -1 modulo bounded operators but therefore it is difficult to 
examine the product involving many bounded operators and factors x k . To overcome this difficulty, 
we are going to apply a convenient decomposition by product of operators having in mind that the 
operator on the left of a such product must be trace class one. 

First we treat the case n = 2, the general case will be covered by a recurrence. We start with 
the analysis of the operator 

(D x ) 2s d x V[(Q - z)- l xf. (5.1) 
Our goal is to show that ()5.ip is a trace class operator. Write 

(D x ) 2s d x V(x) 2 (x)~ 2 (Q - z)- x x(Q - z)-^ = (D x ) 2s (d x V)(x) 2 (Q - z)- x (x)- 2 x(Q - z^x 
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+ (D x ) 2s d x V{x) 2 (Q - zy'lQ, (x)~ 2 ](Q - z^xiQ - z)~ x x 
= (D x ) 2s d x V(x) 2 (Q - zY 2 [(x)- 2 x 2 + [Q, (x)- 2 x}(Q - z^x 

+ (D x ) 2s d x V(x) 2 (Q - zy^Q, (x)- 2 ](Q - z)- l x{Q - z^x = T X + T 2 . 
To deal with Ti, we use the representation 

Ti = (D x ) 2s d x V(x) 2 (Q - z)-Vi 

and we will show that the operator 

W l = {x)- 2 x 2 + [Q, {x)- 2 x}(Q - z)- 1 x 

1 - x 2 I - x 2 
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(x)- 2 x 2 - i 



(D x - By) 



(1 + x 2 ) 2 (1 + x 2 ) 2 



is bounded. Consider the operator 
(1 - x 2 ) 



(D x - By) 



(1 + x 2 ) 



2 ^ 2 (Q - z)~ l x = (D x - By) { ; \* 2 \* (Q - i)' 1 \l + (z- i)(Q - z)~ l 



(1 + x 2 
{Q- z y l [Q,x](Q-z) 



-l 



The pseudodifferential operator 



(D x -By) ^ ^ (Q-i)- 1 



is bounded, too. As in the 



(1+x 2 ^ 2 

is bounded and the product of this operator with 1 + (i — z)(Q — z)^ 1 

proof of Lemma 7, we see that [Q,x](Q — z)~ l is bounded and with the same argument we treat 
the other terms. Thus we conclude that W\ is a bounded operator. Next we write 

T 2 = (D x ) 2s d x V{x) 2 (Q-z)- 2 W 2 , 

where 

W 2 = [Q, {x)~ 2 ]x(Q - z)~ 1 x + [Q, [Q, { X y 2 ]\ (Q - z)- 1 x{Q - z^x = W 21 + W 22 . 
We have 



W 21 = 2i 



(D x - By) - - 2 J Q - z)~ l x + - - , J D X - By)x(Q - z^x 



(1 + x 2 ) 2 ^ ' (1 + x 2 ) 2 

and as above we deduce that W 2 \ is a bounded operator. For the analysis of W 22 , we write 



22 



{1 St* t ^\ 

(1 + x2)3 4Px - By) 2 + fl^XAc " By) + ^2(x) + (1 + a . 2)2 ( 4 ^ + 8jB ^)} 

x(Q-z)~ 1 x(Q-^)~ 1 x. 

A simple calculus gives 

(Q - ^)~ 1 x(Q - z)"^ = (Q - z) _1 x 2 (Q - z)" 1 + (Q - z^xMi 
= x 2 (Q - z)~ 2 + 4(Q - z)~ 1 x(D x - By)(Q - z)~ 2 + x(Q - z)~ 1 M 1 + (Q - z)~ 1 M 2 
= x 2 (Q- z)~ 2 + 4x(Q - z)"^ + (Q- z)~ 1 M 4 
= x 2 (Q - i)~ 2 M 5 + 4x(Q - ij-^e + (Q - i) _1 M 7 , 
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where ,k = 1,2...., denote bounded operators. The pseudodifferential calculus implies that 
the product of the term in the brackets {...} with x J (Q — i)~ J , j = 1,2 is a bounded operator. 
Combining this with the above equality, we conclude that W22 is bounded. 

Now it remains to see that the operator 

T=(D x ) 2s d x V(x) 2 (Q-z)- 2 
is trace class. For this purpose we replace (Q — z) 2 by 



\-2 



I + (z - i)(Q - z)- 1 



(Q-D 

and consider the pseudodifferential operator 

(D x ) 2s d x V(x) 2 (Q-i)- 2 

with principal symbol 

e s (d x v)( x , y )(i + x 2 ) 



(5.2) 



(£ - By) 2 + rj 2 + V(x, y) - i 



2 • 



We use the estimate (£) 2s < C(£ - By) 2s {y) 2s and we apply Theorem 9.4 in [3] to deduce that (|5.2|) 
is a trace class operator. In fact we have 

Yl H^,^||li(r4) < 00 

|ck[<5 

since 2s < 2 guarantees that the integral with respect to £ is convergent, while 2s < 1 + 8/2 and 
the estimate (11. 4p imply that integral with respect to y is convergent. Consequently, T is a trace 
class operator and this completes the analysis of (15.11) . Notice also that the same argument implies 
that the operator 

{D x ) s d x v[(Q-z)- l x^ 

is trace class. 

r 1 2 

To prove that the operator {D x ) s d x V (Q — z)~ 1 x {D x ) s is trace class, we commute the operator 

(D x ) s with (Q — z)~ 1 x and d x V in order to reduce the proof to that of (15. ip . The commutators 
[x, {D x ) s ] and [V, (D x ) s ]x are bounded since s < 1. Next 

[(Q - z)-\ (D x ) s ]x = (Q- z)~ l [V, (D X ) S ](Q - z)- l x 



(Q - z)- 1 ^, (D x ) s }) (x(Q - z)- 1 + (Q- z)- x M^j = (Q - z)- 1 



Mo 



and we obtain operators which can be handled by the above argument. Thus the assertion is proved 
for n = 2. 



Passing to the general case n > 2, assume that the assertion holds for n = 2,...,k — 1, and 
suppose that V satisfy the estimate (|1.4p with n = k. The idea is to replace the operator 

(D x ) s d x V[{Q-z)- l x} k {D x ) s 

by the trace class operator (D x ) s {d x V)x k (Q — z)~ 2 {D x ) s plus a sum of several operators which are 
trace class according to the recurrence assumption. Notice that if Mj is bounded operator obtained 
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as a product of (D x — By) and (Q — z)~i , j > 1, the operator (D x )~ s Mj(D x ) s becomes a bounded 
operators and this makes possible to exploit the representation 

(D x ) s d x V(Q - z)- 1 x....M j (D x ) 8 = [(D x )'d x V(Q - z)- 1 x....(D x ) s ] (^(D x )~ s Mj(D x ) s ^J 

Thus we reduce the analysis to the trace class property of (D x ) s d x V(Q — z)~ 1 x....{D x ) s . For sim- 
plicity of the notations we will write A ~ t B if the difference A — B is a trace class operator. 

We start with the observation that 
(D x ) s d x V[(Q - z)- l x\ k {D x ) s ~ t (A^c^KQ - z)" 1 *]*- 2 ^ - z)~ 1 x 2 {Q - z)- l (D x ) s . 
We can establish this by a recurrence. For fc-lwe apply the equality 

{D x ya x v[(Q - zy l x] k ~\D x y = (D x ya x v[(Q - zy'xf-^q - z)- 1 x 2 {q - z)-\D x y 

(D x ) s d x V[(Q - z^xf-^Q - z)- 1 ^, x](Q - z)- l {D x ) s 

~ t (D x yd x V[(Q - z^xf-^Q - z)- 1 x 2 (Q - z)-\D x ) s . 

Commuting (Q — z)~ l and x 2 , we obtain the result for k — 1 and in the same way we continue for 
p < k- 1. 

Next we commute (Q — z)~ l and x 2 and get 

(D x ) a a x V[(Q - z)- l x\ k ~ 2 (Q - zr 1 x 2 (Q - z)-\D x ) s 

~ t (D x ) s S x y[(Q - ^)" 1 x] fc - 3 (Q - z)~ 1 x 3 (Q - z)- 2 (D x ) s . 
Indeed, [Q,x 2 ] = 4(D X - By)x = -4ix(D x - By) - 2 yields 

(Q - z)- 1 x 2 (Q - z)- 1 = x 2 (Q - z)- 2 - 4i(Q - z^a^A,. - By)(Q - z)" 1 - 2(Q - z)~ 2 

and for the term 

(D x ) s d x V[(Q - z^xf- 1 ^ - By){Q - z)'\D x ) s 

we use the recurrence assumption and the fact that M2 = (D x — By)(Q — z)~ l is a bounded 
operator. In the same way for 1 < j < k — 1 we show that 

(D x yd x V[(Q - z^xf-^Q - z)~ l x\Q - z)- 2 (D x ) s 

~ t (D x ya x v[(Q - zy'xf-^iQ - z)-V +1 (q - zy 2 (D x y, 

taking into account the equality 

[Q, z?] = 2j(D x - By)^- 1 = 2jx^ 1 (D x - By) - 2ij(j - l)^'" 1 
and the recurrence assumption. Finally, we prove that 

(D x ya x v[(Q - z )- l x\ k {D x y ~ t (D x y(a x v)x k (Q - z)~ 2 (D x y 

and, as in the proof in the case n = 2, we conclude that the operator on the right hand side is trace 
class one. 

□ 
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After this preparation we pass to the proof of Theorem 2. 

Proof of Theorem 2. Let S C M. be a small neighborhood of Ao such that 3 n cr(Q) = 0. 
For the simplicity of the notations we will write H(e), £(A,e) instead of H(B,e), £(\;B,e). Given 
/ G Cq°(H), introduce an almost analytic continuation / £ C^°(C) of / so that Bf(z) = 0(\ hnz\°°) 
and supp/(^)ncr(Q) = 0. Since (z—Q) -1 is analytic over the support of f(z), applying the resolvent 
equality, we get 



1 



7T 



d x Vf(H{e)) = — / df(z)d x V(z - H{e))- x L{dz) 



(5.3) 



Taking into account Proposition 4 and the cyclicity of the trace, we get 

tr / df(z)(D x )- s \(D x ) s d x V[(z - Q)- 1 x] n (D x ) s ] (D x )- S (z - H{e)y l L{dz) 



tr Bf(z) (D x ) s d x V[{z-Q)- l x] n {D x ) s (D x )- S (z - H(e))- 1 {D x )~ s L(dz). 



Set W(z) = (D x ) s d x V[(z — Q) l x] n (D x ) s and note that for z <G supp / this operator is trace 
class and W(z) is analytic. We write 

- [ df(z)tr (d x V[(z - Qr l x] n {z - H(e))- l )L(dz) 



7T 



— lim 

7T r?\0 



lmz>0 



df{z + vj)\x [W (z + ir])(D x )' s (H(e)-(z + it]))- 1 (D x )- S ) L(dz) 



+ I df(z-ir ] )tr[W(z-ir ] ){D x )- s (H(e)-(z-ir ] ))- L (D x )- s )L(dz) 

'lmz<0 V 

Notice that the functions 

-l. 



tr [W(z ± i V )(D x )- s (H(e) - (z ± i V )y L (D x )' 
are analytic in ±Imz > 0. Applying Green formula, as in Lemma 1 in [4], we deduce 

(A, e), /) = tr f f(H(e) - f(H j) = --tr(d x Vf(H(e 



lim v 'I ! //(A)tr(^(A) {D x )~ s ( (H(e) — (A + — (H(e) — (A - ) (D a 



dX, 



rf\0 2ni 

where the integral is taken in the sense of distributions. On the other hand, Proposition 4 combined 
with (|4.3p show that the right hand side of the above representation is finite and has order 0(e n ~~ 2 ). 
Thus for V/ € C^°(H) we obtain 



(g(\,e),f) = j f(X)T e (X)dX 



with T e (A) = 0(e n ) and this completes the proof. 
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6. Appendix 

The proof of the following Lemma is similar to the proof of Proposition 2.1 in [5] and for the 
reader convenience we give it. 

Lemma 8. Let 5 > and let kj(x,y) = {x)~ J ( 1+8 ^ (y)~ j ^ +5 \ j = 1,2. The operators G 2 := 
foC-Ho + i)~ 2 i G\, (resp. G\ := k\(Ho + i) , G\), are trace class (resp. Hilbert- Schmidt). 

Proof. Without loss of the generality we may assume that B = e = 1. Introduce the unitary 
operator U : L 2 (R 2 ) -> L 2 (R 2 ) by 

(Uu)(x, y) = - [[ e l ^ y > x '> y,) u{x', y') dx'dy', 
n J 7R2 

where <p(x, y, x',y') = xy — xy' — x'y + x'y' — \y' . A simple calculus shows that 

H = U-'HoU ={D 2 y + y 2 )+x- 1 -, 

= U-%U = k^(x-D y -^,y + D 3 

Since U is unitary, it suffices to prove the lemma for Gj := UGjU^ 1 = ^(Hq + 
Let x(t) G Co°(K; [0, 1]) be a cut-off function such that x(*) = 1 for |i| < 1 and x(t) = for 
|i| > 2. Fix a number k, max{l, 1 _^ 2<? } < k < 2, and introduce the symbol 

1 2 1 2'. <■ — T~M 

where (y, 77) = (1 + y 2 + rj 2 ) 1 / 2 . It clear that q(x, y, 77) 6 S°(K.f, g ^ and we set A = q ul (x, y, D y ). 
We decompose 

k%{H Q + = AkJ(H + + (/ - A)k?(H + = Lj + M,-. (6.1) 

To treat Lj, notice that on the support of q(x,y,r]) we have 

(r, 2 + y 2 + x + i)- 1 eS°(R A ;(y,r,r k ). 

In fact, on the support of q we obtain 

(y,7]) k <2|r ? 2 + y 2 + x + i|, 

and it is easy to estimate the derivatives of (r? 2 + y 2 + x + i) . According to the calculus of 
pseudodifferential operators, Lj becomes a pseudodifferentail operator with symbol in 

S°(R 4 ; (y, V )- k (x - Ti)-X 1+S >{y + 0' j{h+5) ), 

and the trace norm (resp. Hilbert-Schmidt norm) of L2 (resp. L\) can be estimated (see for 
instance, Proposition 9.2 and Theorem 9.4 in [3]) by 

||£i||!s + ll^iltr ^Cojjjj (V^y 2k ( x - Vr 2 - 2S (V + 0- 1 - 25 dxd^dydr l (6.2) 

<C jj(y,7 ] )- 2k dyd V <C Q '. 

To deal with Mj, j = 1,2, we will show that (/ — A)k% is trace class operator and (I — A)kf is 
Hilbert-Schmidt one. 
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Notice that on the support of the symbol of (/ — A) we have 

(y,ri) k > \r, 2 +y 2 + x + i\. 
Taking into account the estimate d l x d™kj(x,y) = C/ jm ((x) _ ^ 1+<5 ^ (y)~ J< ^ +<5 * ) ), we get 

\\{I-A)k^\\h + \\{I-A)k^\\ tr <C l [III (x-r,)- 2 - 26 {y + t)- l - 25 dxdidydr, (6.3) 

J J J J (y,n) k >\r] 2 +y 2 +x+i\ 

<C 2 [If (x- T])- 2 - 2S dxdydi] <C 2 III {u)- 2 - 26 dudydr, 

J J J {y^ r i) k >\n 2 +y 2 +x+i\ J J J {y,'n) k >\ri 2 +y 2 +ri+u+i\ 

< Colli . , , (u)- 2 - 26 dudydr] + Ck II f t , , (u)- 2 ~ 2S dudydr, 

~ 2 JJJiv, v) k >\v 2 +v 2 +v+u\, v 1 y 1 2 J J J (y,v) k >\v 2 +v 2 +v+u\, x 1 y 1 

^ C! z( W I (u)- 2 - 2S dudydri + III {u)- 2 - 2S dudydr,) 

J J\u\<C 3 ,\y\<C 3 ,\v\<C3 J J J\u\>Uy,*n) k 



< Ca + C 5 / (u 



i 

(u)- 2 - 25 U rdr)du <C 4 + Cj {u)- 2 - 2S+2 ' k du < C 7 , 

since -2-26 + 2/k < -1. 

Using (I6.ip . ([6.2p . (|6,3p and the fact that M is trace class (resp. Hilbert- Schmidt) operator 
if and only if M* is trace class (resp. Hilbert-Schmidt) operator, we complete the proof of the 
lemma. □ 
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